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In the beginning God created the heavens and the earth. The
earth was formless and void, and darkness was over the sur-
face of the deep, and the Spirit of God was moving over the
surface of the waters. Then God said, »Let there be light«, and
there was light. God saw that the light was good. Moses

And thus is the universe knit together. The atomic motions of
a distant star still have sufficient influence at this great distance
to set the electrons in our eye in motion, and so it is that we
see the stars and the galaxies. Richard P. Feynman

One cannot escape the feeling that these mathematical formu-
lae have an independent existence and an intelligence of their
own, that they are wiser than we are, wiser even than their dis-
coverers. Heinrich Hertz

The theory I propose may therefore be called a theory of the
electromagnetic field because it has to do with the space in the
neighbourhood of the electric or magnetic bodies, and it may
be called a dynamical theory, because it assumes that in the
space there is matter in motion, by which the observed elec-
tromagnetic phenomena are produced. James C. Maxwell

The Bible, Genesis, 1:1 1
The Feynman Lectures on Physics, vol. 1, 28-1. 2

From »Mathematics in the Physical Sciences« by Freeman Dyson. 3
»A Dynamical Theory of the Electromagnetic Field« (1865), 4
The Scientific Papers of James Clerk Maxwell, vol. 2, 527, 1890.





Contents

1 The Principles of the Electromagnetic Field Theory 1
1.1 Maxwell’s Equations 4
1.2 On the Quantization of the Fields 5
1.3 Electromagnetic Waves in Empty Space 8
1.4 Conservation of Charge 14
1.5 Conservation of Energy 15
1.6 Conservation of Momentum 19
1.7 Equivalence of Energy and Mass 23
1.8 Uniqueness of the Solution of the Field Equations 26
1.9 Scalar and Vector Potentials 27
1.10 TheWave Equations 30
1.11 Lorentz Transform 31
1.12 Transformation of the Fields 38
1.13 The Field-Invariants 44
1.14 Four-Vectors 45
1.15 Covariant Formulation 48
1.16 Relativistic Effects 56
1.17 On Magnetic Charges and Currents 65

2 The General Solution of the Wave Equation 69
2.1 Fourier Transform 69
2.2 Frequency Domain Representation 71
2.3 Solution in terms of a Green’s Function 71
2.4 Green’s Function for theWave Equations 73
2.5 Fulfillment of the Lorenz-Lorentz Gauge 79
2.6 The Grand Solution 82
2.7 Sinusoidal Time Dependence 83
2.8 Complex Poynting Vector 87

3 Radiation from Electric Dipoles 89
3.1 Hertzian Dipole 90

i



3.2 Radiated Power 95
3.3 Radiation Resistance 97
3.4 Antenna Pattern and Directivity 99
3.5 Receiving with a Hertzian Dipole 100
3.6 Available Power 102
3.7 Effective Area 105
3.8 Reciprocity Theorem 105
3.9 Currents in Perfect Conductors 112
3.10 Current Distribution in Thin Wire Antennas 122
3.11 Induced Antenna Current 129
3.12 The Half-Wave Antenna 132
3.13 Induced Antenna Voltage 136
3.14 Canonical Minimum Scattering Antenna 141
3.15 Isotropic Radiator 142

4 Elements of Antenna Array Theory 145
4.1 Arrays of Hertzian Dipoles 145
4.2 Radiated Power 147
4.3 Antenna Pattern 150
4.4 Directivity and Superdirectivity 151
4.5 Arrays of Half-Wavelength Dipoles 154
4.6 Arrays of Isotropic Radiators 157
4.7 Antenna Impedance Matrix 161
4.8 Half-Wave Antenna Array 170
4.9 Adding Antennas to the Array 171
4.10 Extracting Maximum Power 172
4.11 Multi-Input Multi-Output Antenna-Systems 175

5 Bibliography 191

A The Three-Vector Calculus 193
A.1 Introduction toThree-Vectors 193

A.1.1 What is a Vector? 193
A.1.2 Multiplication of a Vector with a Scalar 194

ii Contents



A.1.3 Adding and Subtracting Vectors 194
A.1.4 Orthogonal Basis 196
A.1.5 Vector Algebra 199
A.1.6 Scalar Product 200
A.1.7 General Orthogonal Basis Rotation 202
A.1.8 Cross Product 205
A.1.9 Useful Vector Identities 208

A.2 General Orthogonal Coordinates 208
A.2.1 Metric Coefficients 209
A.2.2 Cartesian Coordinates 211
A.2.3 Cylindrical Coordinates 211
A.2.4 Spherical Coordinates 213

A.3 Differential Vector Operators 215
A.3.1 Gradient 216
A.3.2 Divergence 221
A.3.3 Rotation or Curl 225
A.3.4 Laplaceian 230
A.3.5 Explicit Forms 231
A.3.6 Useful Formulas 233

A.4 Vector Integration 234
A.4.1 Path Integrals 234
A.4.2 Surface Integrals 239
A.4.3 Volume Integrals 242

A.5 Integral Theorems 245
A.5.1 Integral Theorem of Gauß 245
A.5.2 Integral Theorem of Stokes 246
A.5.3 Integral Theorem of Green 249

A.6 Scalar and Vector Potentials 250
A.6.1 Scalar Potential and Gradient Fields 250
A.6.2 Vector Potential and Lemma of Poincaré 254

A.7 Summary of the Lecture on Three-Vector Calculus 259

Contents iii


