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Abstract

This thesis focuses on the numerical simulation of acoustic field problems utiliz-
ing the spectral finite element method (s-FEM).The reduction of computational
time constitutes a big challenge in the field of computational acoustics and higher
order methods such as s-FEM improve the quality of the solution by increasing
the order of ansatz functions . In this way it is possible to obtain a better accuracy
with the same number of unknowns. Applied to the conservation equations of
linear acoustics, the mixed variational ansatz leads to a numerical scheme which
is implemented in a very efficient way. This formulation can be seen as a basis
for the novel approaches developed within this thesis.
With volume discretization methods like the FEM, it is crucial to provide free

field radiation boundary conditions for frequency and time domain computa-
tions. Therefore, the aforementioned scheme is extended by a perfectly matched
layers (PML) formulation for frequency and time domain computations. Time
domain PML formulations often suffer from instabilities or the occurrence of
higher order time derivatives. With the proposed PML it is possible to avoid
both by introducing an auxiliary variable which vanishes inside the propagation
domain, thus limiting the additional computational effort. It is possible to show
stability of the PML by analysing the associated Cauchy problem and to demon-
strate its accuracy by means of numerical test cases.
Acoustic fields are always coupled to other physical fieldswhich generate acous-

tic sources. In the simplest case, themechanical vibration of a loudspeakermem-
brane generates an acoustic wave. In this thesis, the special focus is on aeroa-
coustic sound generation. As the direct computation of aeroacoustic phenom-
ena using the compressible Navier Stokes equations is not feasible for large scale
problems, one needs to rely on hybrid schemes inwhich the acoustic field is com-
puted for a given flow field based upon an aeroacoustic analogy. In this way, any
influence of the acoustic field on the flow is neglected, which is a valid assump-
tion in the case of lower Mach number flows. Besides the well known Lighhill
analogy, more general formulations based on a perturbation ansatz can be found
in literature. The latter are usually given as a system of PDEs for which a stable
and efficient finite element formulation is not available. In the second part of this
thesis, those limitations are circumvented by deriving a stable finite element for-
mulation for a set of perturbation equations utilizing themixed variational prin-



ciple along with additional stabilization terms. The complete numerical scheme
is applied to aeroacoustic field problems to demonstrate its validity and the ad-
vantages of using perturbation approaches in comparison to Lighthill’s analogy.
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Notation and Abbreviations

In this thesis, scalars are represented by normal letters (b), Cartesian vectors are
set in bold-italic letters (b). Matrices are capital boldface Roman letters (B).

Abbreviations
HPC High performance computing
RHS Right hand side
FWH Ffowcs Williams & Hawkings method
FEM Finite element method
FDM Finite difference method
CFD Computational fluid dynamics
LES Large eddy simulation
PDE Partial differential equation
FVM Finite volume method
DG Discontinuous Galerkin
ODE Ordinary differential equation
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Notation and Abbreviations

Mathematical operators
∇b Gradient of scalar-valued function b
∇ · b Divergence of vector-valued function b
∇ × b Curl of vector-valued function b
Δb Laplacian of scalar-valued function b (Δb = ∇ ·∇b)
∂ ◻ /∂x Spatial partial derivative
∫Ω ◻dΩ Volume integral over ◻
∫Γ ◻dΓ Surface integral over ◻
∂ ◻ /∂x Spatial partial derivative of ◻
∂ ◻ /∂t First partial derivative of ◻ with respect to time
∂2 ◻ /∂t2 Second partial derivative of ◻ with respect to time
D/Dt Substantial or total temporal derivative
∂ ◻ /∂n Directional derivative of ◻ with respect to n
I Identity matrix
◻T Transpose of ◻
◻−1 Inverse of ◻
◻1 ⊗◻2 Tensor or dyadic product

(Aero-)Acoustics
◻0 Constant material parameters
cv , cp Specific heat at constant volume/pressureJ/K
c Speed of sound m/s
k Wave number rad/m
ω Angular frequency rad/s
f Frequency Hz
λ Wave length m
u Velocity m/s
ph Hydrodynamic fluid pressure Pa
uv Solenoidal component of fluid velocity m/s
ω Flow vorticity 1/s
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Notation and Abbreviations

◻ Time averaged quantity
ρ Density kg/m3

M Mach number of fluid flow -
T Viscous stress tensor Pa
E Total energy per unit volume W
ei Internal energy W
T Temperature K
pa Sound pressure Pa
ua Acoustic particle velocity m/s
ψa Scalar acoustic velocity potential m2/s
TLH Lighthill tensor m2/s2
◻′ Perturbation quantity
◻a Acoustic quantity
◻h Purely hydrodynamic field variable
◻ic Incompressible field variables
η Dynamic viscosity kgs/m
R Gas constant J/(molK)
k Thermal conductivity WK/m

Functional Spaces
Cp The space of p-times continuous differentiable functions.
L2(Ω) Space of square Lebesgue integrable functions u

∫Ω ∣u(x)∣2 dΩ < ∞, Ω ⊂ Rd ,

over a d-dimensional domain (cf. [1] p. 22).
H1 Hilbert Sobolev spaces. The spaces of square integrable func-

tions, whose first derivatives in a weak sense are also square
integrable

H(div) The space of square integrable functions, whose divergence
in a weak sense are also square integrable
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Notation and Abbreviations

H(curl) Thespace of square integrable functions, whose curl in aweak
sense are also square integrable

Software
CFS++ Coupled Field Simulation in C++. Inhouse FEM code c.f.

[62]
cplreader Reader for CFD data which produces HDF5 files for CFS++
HDF5 Hierarchical Data Format
CGNS CFD General Notation System
XDMF eXtensible Data Model and Format
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